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We study the difference between quantum and classical behavior in a pair of nonidentical cavities
with second-harmonic generation. In the classical limit, each cavity has a limit-cycle solution, in
which the photon number oscillates periodically in time. Coupling between the cavities leads to
synchronization of the oscillations and classical correlations between the cavities. In the quantum
limit, there are quantum correlations due to entanglement. The quantum correlations persist even
when the cavities are far off resonance with each other, in stark contrast with the classical case. We
also find that the quantum and classical limits are connected by an intermediate regime of almost
no correlations. Our results can be extended to a wide variety of quantum models.
I. INTRODUCTION
A central theme in quantum optics is to distinguish
between quantum and classical behavior [1]. For a sin-
gle optical cavity, this can be done by measuring photon
correlations [2] or transmission spectra [3]. A fundamen-
tal question is then: when there are two cavities, how
does their collective behavior differ in the quantum and
classical regimes? Since optical cavities are inherently
dissipative due to photon decay, it is natural to look at
photon correlations between the cavities [4, 5]. Thus, one
would like to see how entanglement (a uniquely quantum
feature) affects the photon correlations.
However, the mere presence of photon correlations be-
tween the cavities is not a uniquely quantum effect, since
a classical system can also have photon correlations. The
reason for classical correlations is as follows. It turns out
that many quantum optical models exhibit limit cycles
in the classical limit, e.g., when there are many photons
in the cavity [6–16]. A limit cycle means that the photon
number oscillates in steady state. Then when the cavi-
ties are coupled, the limit cycles synchronize with each
other [17–19], leading to bunching or antibunching be-
tween the cavities. This is a purely classical effect, since
the classical model assumes no entanglement.
Since experiments are reaching the point of observing
collective quantum effects [20–23], it is important now to
distinguish between quantum and classical photon cor-
relations. It is also of fundamental interest to study
how classical correlations from synchronization turn into
quantum correlations from entanglement as the system
becomes more quantum. If one could experimentally
measure the complete density matrix of the coupled sys-
tem, one could apply various entanglement measures to
distinguish between quantum and classical correlations
[24–26]; however, it is experimentally much easier to mea-
sure photon correlations, which is the approach we take.
In this paper, we consider two coupled cavities, each
with second-harmonic generation. In the classical limit,
each cavity has a limit-cycle solution [6], and coupling
between the cavities causes the oscillations to synchro-
nize. We make the system more quantum by decreas-
ing the number of photons in the cavities. We find that
quantum correlations can be distinguished from classical
correlations by detuning the cavities from each other. In
contrast to the classical case, quantum correlations re-
main even when the cavities are far detuned from each
other, and they can even be stronger than when they are
identical. We also elucidate the nature of the quantum-
classical transition: the quantum and classical limits are
connected by an intermediate regime, in which both types
of correlations are washed out by quantum noise.
Although we focus on second-harmonic generation, the
physics we invoke is quite general, and our results can be
extended to the many other quantum models known to
have limit cycles: Jaynes-Cummings cavities [7, 8], op-
tomechanics [9–11], Rydberg atoms [12, 13], quantum
dots [14], single-electron transistors [15], and trapped
ions [16].
II. MODEL
In second-harmonic generation, a nonlinear crystal
within an optical cavity converts light at a fundamen-
tal frequency into light at twice the frequency [27]. We
consider the case of two cavities, each with a nonlinear
crystal inside. The cavities are coupled due to overlap of
their photonic wave functions (Fig. 1).
c 
c 
FIG. 1. Two cavities with nonlinear crystals inside are laser-
driven and dissipate photons. They are coupled to each other
due to overlap of their photonic wave functions.
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2We first describe the quantum model and then the clas-
sical model. Let the two cavities be denoted a and b.
Each cavity has two modes: a1 and a2 are the annihila-
tion operators for the fundamental and second-harmonic
modes of the first cavity, while b1 and b2 are the cor-
responding operators for the second cavity. An exter-
nal laser drives the fundamental mode of both cavities,
and the nonlinear crystals produce light at the second
harmonic. In the interaction picture and rotating-wave
approximation, the Hamiltonian is (~ = 1)
H = iE(a†1 − a1 + b†1 − b1)
+i
χ
2
(a†21 a2 − a21a†2 + b†21 b2 − b21b†2)
+∆a1a
†
1a1 + ∆
b
1b
†
1b1 + ∆2(a
†
2a2 + b
†
2b2)
+V1(a
†
1b1 + a1b
†
1) + V2(a
†
2b2 + a2b
†
2), (1)
where E is the laser drive and χ is the second-order sus-
ceptibility of the crystal. ∆a1 and ∆
b
1 are the detunings
of the fundamental modes of the two cavities from the
laser. We allow ∆a1 and ∆
b
1 to differ from each other,
in order to see how their disparity affects the synchro-
nization. ∆2 is the frequency detuning of the second
harmonics from the laser. To be precise, ∆a1 ≡ ωao − ωa` ,
where ωao is the fundamental frequency of cavity a, and
ωa` is the frequency of the laser that drives it. Similarly,
∆b1 ≡ ωbo − ωb` . V1 (V2) is the coupling between the fun-
damental (second-harmonic) modes. The term with χ
means that two photons at the fundamental frequency
are converted into one photon at the second harmonic;
the reverse process is also allowed.
Photons leak out of the cavities with rates κ1 and κ2
for the fundamental and second harmonic, respectively.
This open quantum system is described by a Lindblad
master equation for the density matrix ρ:
ρ˙ = −i[H, ρ] +
∑
i=1,2
κi(2aiρa
†
i − a†iaiρ− ρa†iai)
+
∑
i=1,2
κi(2biρb
†
i − b†i biρ− ρb†i bi), (2)
which is linear in ρ and has a unique steady state [28].
In the classical approximation to Eq. (2), one replaces
the operators a1, a2, b1, b2 with complex numbers that de-
note coherent states α1, α2, β1, β2. This leads to classical
equations of motion that are nonlinear:
α˙1 = E − (κ1 + i∆a1)α1 + χα∗1α2 − iV1β1, (3)
α˙2 = −(κ2 + i∆2)α2 − χ
2
α21 − iV2β2, (4)
β˙1 = E − (κ1 + i∆b1)β1 + χβ∗1β2 − iV1α1, (5)
β˙2 = −(κ2 + i∆2)β2 − χ
2
β21 − iV2α2. (6)
The average number of photons in mode a1 is 〈a†1a1〉 =
|α1|2 and similarly for other modes. The classical approx-
imation is an accurate description of the quantum model
when there are many photons in each mode [29]. (This
occurs when the laser drive is much stronger than the dis-
sipation, since the photon number is determined by the
balance of driving and dissipation.) Intuitively, this is be-
cause when a mode is highly populated in steady state,
it continuously emits photons, so an individual photon
emission has negligible effect.
It is insightful to rewrite Eqs. (3)–(6) using scaled
variables (α˜i = cαi, β˜i = cβi) and scaled parameters
(E˜ = cE, χ˜ = χ/c), where c is an arbitrary number. It
turns out that the dynamics is independent of c, up to
a scaling of αi and βi. This provides a controlled way
of following the classical-to-quantum transition [29]. We
will solve the quantum model while decreasing E and in-
creasing χ, keeping Eχ fixed, so that the photon numbers
decrease. Since the classical dynamics remains the same
in this procedure, any change in behavior must be due
to quantum effects. The quantum limit corresponds to
small E and large χ.
Note that all the parameters (like χ and E) are given
in units of κ1, since one can scale out κ1 from Eq. (2) by
redefining time. In practice, the absolute value of χ is
fixed, so to see the classical-to-quantum transition, one
would decrease κ1.
To measure the photon correlations between the vari-
ous modes, we calculate:
g2(a1, a2) =
〈a†1a1a†2a2〉
〈a†1a1〉〈a†2a2〉
, g2(ai, bi) =
〈a†iaib†i bi〉
〈a†iai〉〈b†i bi〉
.
When g2 > 1, the two modes are positively correlated and
tend to emit photons simultaneously (bunching). When
g2 < 1, they are negatively correlated and tend not to
emit simultaneously (antibunching). When g2 = 1, there
are no correlations. We will use g2 as an order parameter,
and it is easy to measure experimentally. In the quantum
model, expectation values are taken with respect to the
steady state ρ. In the classical model, expectation values
are averages over time.
III. ONE CAVITY, CLASSICAL MODEL
Here we review the results for one classical cavity, i.e.,
Eqs. (3) and (4) with V1 = V2 = 0. When E is at a
critical value Ec, a Hopf bifurcation occurs [6]. When
E < Ec, the system has a stable fixed-point solution.
When E > Ec, the fixed point is unstable, and a limit
cycle appears. This means that the photon numbers |α1|2
and |α2|2 oscillate periodically in time [Fig. 2(a)]. Ec is
a function of χ, κi, ∆i.
The existence of the limit cycle can be intuitively un-
derstood as follows. When E is small, α1 and α2 are
small, so the nonlinear terms proportional to χ in Eqs. (3)
and (4) have negligible effect. But for sufficiently large
E, α1 and α2 are large, and the χ terms dominate. The
effect of the χ terms is to exchange energy back and
forth between the two modes. This exchange is seen in
Fig. 2(a), where |α1|2 and |α2|2 are roughly anti-phase
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FIG. 2. Classical and quantum trajectories for one cavity,
showing photon numbers of mode a1 (thick, black line) and
mode a2 (thin, red line) over time. (a) Limit-cycle solution
of the classical model for E = 8κ1, χ = 0.8κ1. (b)–(d) Quan-
tum trajectories for the same system, but as it becomes more
quantum: (b) E = 8κ1, χ = 0.8κ1; (c) E = 2κ1, χ = 3.2κ1;
(d) E = κ1, χ = 6.4κ1. In (d), the modes are antibunched
with each other due to quantum correlations, despite appear-
ing to be positively correlated in the plot. (e) Correlation
g2(a1, a2) for one cavity, using color scale on right. The black
line indicates the location of the Hopf bifurcation Ec. All
plots use κ2 = 0.5κ1,∆1 = 0.5κ1,∆2 = κ1.
with each other. The existence of the limit cycle is in-
dicated by g2(a1, a2). When E < Ec, there are no cor-
relations: g2(a1, a2) = 1. When E > Ec, the modes are
negatively correlated: g2(a1, a2) < 1. These correlations
are completely classical.
IV. ONE CAVITY, QUANTUM MODEL
As one cavity becomes more quantum, the limit cycle
becomes noisier [30], as seen in quantum trajectory simu-
lations [Figs. 2(b)–(d)] [31, 32]. In the extreme quantum
limit, when there is much less than one photon in each
mode, the limit cycle is not visually identifiable at all. In
this limit, there are strong quantum correlations between
a1 and a2, found by perturbatively solving for the steady
state of Eq. (2):
g2(a1, a2) =
1
1 +
1
4χ
4+χ2[−∆1(∆1+∆2)+κ1(κ1+κ2)]
(∆21+κ
2
1)[(∆1+∆2)
2+(κ1+κ2)2]
+O(E2).
When E → 0 and χ → ∞, g2(a1, a2) = 0 (strong anti-
bunching). Figure 2(e) shows the quantum-classical tran-
sition. In the classical limit, g2(a1, a2) = 1 when E < Ec
and g2(a1, a2) < 1 when E > Ec. As the system be-
comes more quantum, the transition at Ec smoothes out,
and the region of antibunching expands into E < Ec.
Antibunching in the classical limit gradually develops
into strong antibunching in the quantum limit. Thus,
the quantum remnant of the limit cycle retains the anti-
bunching signature.
The physical reason for antibunching can be under-
stood by examining the eigenstates of the Hamiltonian
|3,0 , |1,1 
|2,0 , |0,1 
|1,0 
|0,0 
𝟑
𝟐
𝝌  
𝟏
𝟐
𝝌   
|0,0|0,0 
V1 
|1,0|1,0 
|1,0|0,0 
|0,0|1,0 
(a) (b) 
FIG. 3. (a) Eigenstates for one cavity. (b) Eigenstates for
two identical cavities. When ∆1 < 0, there is antibunching
between a1 and b1 (blue arrows). When ∆1 > 0, there is
antibunching (red arrows).
in the absence of the laser drive:
H1 = i
χ
2
(a†21 a2 − a21a†2). (7)
One should think of the laser as exciting the eigenstates
of this Hamiltonian, which are shown in Fig. 3(a). Let
the basis be |m1,m2〉, where m1 is the Fock state of the
fundamental mode, andm2 is the Fock state of the second
harmonic. The degeneracy of |2, 0〉 and |0, 1〉 is lifted by
χ, resulting in two eigenstates that are each shifted by√
1
2χ. The eigenstates are |2, 0〉 ± i|0, 1〉. Similarly, the
degeneracy of |3, 0〉 and |1, 1〉 is lifted by χ, resulting in
two eigenstates that are each shifted by
√
3
2χ.
Now, whether a1 and a2 are bunched or antibunched
in the quantum limit depends on the relative population
of |1, 1〉, since that determines whether the two modes
can emit at the same time. But in the limit χ → ∞,
the level shifts of the eigenstates are infinite. Thus, the
laser is unable to excite any eigenstates above |1, 0〉. As
a result, g2(a1, a2) = 0.
V. TWO CAVITIES, CLASSICAL MODEL
Now we study the synchronization of two cavities in
the classical limit. Following convention, we assume that
Vi is small, so that the limit cycle of each cavity retains
its identity [17]. Note that synchronization is universal
in the sense than any system with coupled limit cycles
will exhibit synchronization [17].
When the cavities are identical (∆a1 = ∆
b
1), the steady
state will be either anti-phase [Fig. 4(a)] or in-phase oscil-
lation [Fig. 4(b)] [33, 34]. The first solution means that
g2(a1, b1), g2(a2, b2) < 1, while the second means that
g2(a1, b1), g2(a2, b2) > 1. The phase diagram is shown in
Fig. 5(a) [35]. Note that these correlations are completely
classical.
When the cavities are nonidentical (∆a1 6= ∆b1), the
limit cycles of the two cavities have different intrinsic fre-
quencies. When the difference in intrinsic frequencies is
small relative to the coupling, the limit cycles phase lock
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FIG. 4. Classical and quantum trajectories for two identical
cavities, showing photon numbers of mode a1 (thick, black
line) and mode b1 (thin, red line) over time. (a) Anti-phase
synchrony for ∆a1 = ∆
b
1 = 0.5κ1,∆2 = κ1 in the classical
model. (b) In-phase synchrony for ∆a1 = ∆
b
1 = −0.5κ1,∆2 =
−κ1 in the classical model. (c,d) Quantum trajectories for
the same parameters as (a) and (b), respectively. All plots
use E = 8κ1, χ = 0.8κ1, κ2 = 0.5κ1, V1 = 0.2κ1, V2 = 0.
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FIG. 5. Phase diagram for two identical cavities as a func-
tion of ∆1 ≡ ∆a1 = ∆b1 and ∆2. (a) Classical limit for
χ = 0.8κ1, κ2 = 0.5κ1, V1 = 0.2κ1, V2 = 0. For each value
of ∆1 and ∆2, E is set to Ec + 0.5κ1. (b) Quantum limit for
the same parameters, except with E → 0 and χ→∞.
with each other and oscillate with the same frequency
[g2(a1, b1) 6= 1 since there are still correlations]. When
the difference is large relative to the coupling, the limit
cycles do not lock and they continue to oscillate with dif-
ferent frequencies [g2(a1, b1) ≈ 1 since the cavities are not
correlated]. Figure 6(a) shows g2(a1, b1) as the difference
between ∆a1 and ∆
b
1 grows, for a fixed coupling strength.
The synchronization transition occurs suddenly at a crit-
ical difference.
Suppose one adds noise to a synchronized system.
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FIG. 6. Correlation g2(a1, b1) for two nonidentical cavities
vs. the difference δ ≡ ∆a1 − ∆b1 for a fixed average ∆1 ≡
(∆a1 + ∆
b
1)/2. (a) Classical limit for E = 10.5κ1, χ = κ1, κ2 =
0.5κ1,∆1 = −3κ1,∆2 = V2 = 0, V1 = 0.01κ1. (b) Quantum
limit for the same parameters, except with E → 0, χ→∞.
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FIG. 7. Quantum-classical transition for two identical cav-
ities. For each value of E, χ is set so that Eχ = 6.4κ21.
(a) ∆a1 = ∆
b
1 = 0.5κ1, ∆2 = κ1. (b) ∆
a
1 = ∆
b
1 = −0.5κ1,
∆2 = −κ1. Red arrows point to the classical values of
g2(a1, b1). Dashed lines mark g2(a1, b1) = 1. Other param-
eters are κ2 = 0.5κ1, V1 = 0.2κ1, V2 = 0. The statistical
uncertainty for each point is smaller than the marker size.
When the noise is weak, the limit cycles experience
occasional phase slips relative to each other, but they
remain mostly phase-locked with each other [17]. As
the noise level increases, phase slips occur more often.
Since g2(a1, b1) measures the correlation between the cav-
ities, as the noise level increases, g2(a1, b1) gradually ap-
proaches 1 from its no-noise value. [Numerical experi-
ments with Eqs. (3)–(6) show that this is true.] This
reflects the fact that noise inhibits synchronization.
VI. TWO CAVITIES, QUANTUM MODEL
We first consider two identical cavities (∆a1 = ∆
b
1) in
the quantum limit. We want to see what happens to
these correlations in the quantum limit. Since adding
increasing amounts of classical noise causes g2(a1, b1) to
approach 1, one would expect g2(a1, b1) = 1 in the quan-
tum limit due to substantial quantum noise.
Figure 7 shows the quantum-classical transition. In-
deed, in the intermediate quantum regime, g2(a1, b1) ≈
1. Computationally, it is difficult to map out the en-
tire quantum-classical transition, but Fig. 7 shows that
g2(a1, b1) approaches 1 from the direction of its classi-
cal value. The presence of quantum noise and the lack
of correlations are obvious in the quantum trajectories
[Figs. 4(c) and 4(d)].
However, Fig. 7 shows that correlations reappear in the
extreme quantum limit. This is because of entanglement
between the cavity modes, which is a purely quantum
effect. So although the classical correlations between
the cavities are destroyed by quantum noise, they are
replaced by quantum correlations. Note that g2(a1, b1)
does not go directly from the classical value to the quan-
tum value; rather, it first goes to 1, and then it goes to the
quantum value. The quantum phase diagram is shown
in Fig. 5(b). The fact that the phase diagram is different
from the classical result in Fig. 5(a) demonstrates the
importance of quantum correlations.
The physical reason for the correlations can be under-
stood by examining the eigenstates of the coupled Hamil-
5tonian in the absence of the laser drive:
H2 = i
χ
2
(a†21 a2 − a21a†2 + b†21 b2 − b21b†2)
+V1(a
†
1b1 + a1b
†
1) + V2(a
†
2b2 + a2b
†
2). (8)
The eigenstates are shown in Fig. 3(b). The basis is
|m1,m2〉 ⊗ |n1, n2〉, where m1,m2, n1, n2 are the Fock
states for a1, a2, b1, b2, respectively. In the quantum
limit, the only states populated are |0, 0〉⊗ |0, 0〉, |1, 0〉⊗
|0, 0〉, |0, 0〉⊗|1, 0〉, and |1, 0〉⊗|1, 0〉, since all other states
have infinite level shifts due to χ. The degeneracy of
|1, 0〉⊗|0, 0〉 and |0, 0〉⊗|1, 0〉 is lifted by the coupling V1.
The new eigenstates are |±〉 = |1, 0〉⊗|0, 0〉±|0, 0〉⊗|1, 0〉
with level shifts ±V . Only |+〉 is coupled by the laser
since the cavities are assumed to be identical. Whether
a1 and b1 are bunched or antibunched depends on the rel-
ative population of |1, 0〉⊗|1, 0〉. When ∆1 < 0, the laser
is more resonant with |+〉 than with |1, 0〉⊗|1, 0〉, leading
to antibunching. When ∆1 > 0, the laser is more reso-
nant with |1, 0〉 ⊗ |1, 0〉 than with |+〉, leading to bunch-
ing. This explains the structure of the quantum phase
diagram in Fig. 5(b).
Now we consider two nonidentical cavities (∆a1 6= ∆b1).
Given that two identical cavities have correlations in the
quantum limit, one would expect the correlations to be-
come weaker as the difference of ∆a1 and ∆
b
1 increases: af-
ter all, that is what happens in the classical case. To find
g2(a1, b1) in the quantum limit, we again solve Eq. (2)
perturbatively in E but now include V1 and V2. In the
limit of E → 0, χ→∞, and small coupling,
g2(a1, b1) = 1 +
[
2∆a1
∆a21 + κ
2
1
+
2∆b1
∆b21 + κ
2
1
− 4(∆
a
1 + ∆
b
1)
(∆a1 + ∆
b
1)
2 + 4κ21
]
V1 +O(V
2
1 ).(9)
This equation is plotted in Fig. 6(b) as a function of
the difference δ ≡ ∆a1 − ∆b1, keeping the average ∆1 ≡
(∆a1 + ∆
b
1)/2 and the coupling fixed.
Equation (9) has three important features.
(i) V1 appears already in first order. This means that
even for small coupling, there can still be significant cor-
relations between the cavities. Note that unlike the clas-
sical case, there is no critical value of coupling, above
which the correlations appear. This is because quantum
noise smoothes out what was a sharp synchronization
transition in the classical limit.
(ii) When δ is small, g2(a1, b1) can be stronger than
when δ = 0. (This occurs when ∆1 >
√
3κ1.) Thus, a
slight mismatch of detunings can actually strengthen the
correlation. This differs from the classical case, in which
g2(a1, b1) monotonically approaches 1 for small δ.
(iii) When δ is large, g2(a1, b1) does not go to 1, but
converges to 1− 2∆1V1
κ21+∆
2
1
. Thus, two very different cavities
can still have correlations [36]. This is quite surprising,
since one would expect there to be no correlation when
the cavities are far off resonance with each other. This
classical intuition turns out to be wrong, because the cav-
ities can be entangled despite the disparity in detuning.
[Note that if one did not take the limit χ→∞, g2(a1, b1)
would go to 1 for large δ.]
The quantum correlations arise because the laser ex-
cites entangled eigenstates of Eq. (8). When δ is large,
the frequency ∆1 is still present in the system and is
still near resonant with entangled eigenstates. Note that
the physics behind the classical correlations is different;
classical correlations exist when the frequency difference
of the limit cycles is small relative to the coupling. Evi-
dently, both quantum and classical correlations disappear
in the intermediate regime when there is a lot of quantum
noise.
VII. CONCLUSION
We have shown that entanglement causes the cavities
to behave quite unexpectedly in the quantum regime.
Correlations exist between the cavities despite substan-
tial quantum noise. Also, two very different cavities still
have strong correlations, sometimes even stronger than
when the cavities are identical. Our results suggest the
possibility for a macroscopic number of oscillators to ex-
hibit long-range correlations in the quantum limit. Clas-
sical synchronizing systems are known to exhibit phase
transitions similar to equilibrium systems [19, 37–45].
One should investigate how quantum fluctuations affect
these critical properties.
It would be interesting to study the quantum-classical
transition for other quantum models known to exhibit
limit cycles, as discussed in the introduction. However,
our results are probably quite general, at least qualita-
tively. There should be classical correlations due to syn-
chronization and quantum correlations due to entangle-
ment, and the two regimes should be connected by an
intermediate regime of almost no correlations.
We thank Mark Rudner and Sarang Gopalakrishnan
for useful discussions. This work was supported by NSF
through Grant No. DMR-1003337 and through a grant
to ITAMP.
Note added. Recently we became aware of Refs. [46,
47], which study synchronization of optomechanics in the
presence of quantum noise.
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